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Mean action and the Calabi invariant 


Michael Hutchings* 


Abstract 

Given an area-preserving diffeomorphism of the closed unit disk which is 
a rotation near the boundary, one can naturally define an “action” function 
on the disk which agrees with the rotation number on the boundary. The 
Calabi invariant of the diffeomorphism is the average of the action function 
over the disk. Given a periodic orbit of the diffeomorphism, its “mean action” 
is defined to be the average of the action function over the orbit. We show 
that if the Calabi invariant is less than the boundary rotation number, then 
the infimum over periodic orbits of the mean action is less than or equal to 
the Calabi invariant. The proof uses a new filtration on embedded contact 
homology determined by a transverse knot, which may be of independent 
interest. (An analogue of this filtration can be defined for any other version 
of contact homology in three dimensions that counts holomorphic curves.) 


1 Introduction 

There is a close relation between the dynamics of Reeb flows on and the dynam¬ 
ics of area-preserving diffeomorphisms of snrfaces. This relation was developed by 
Hofer-Wysock-Zehnder ns, who showed that “dynamically convex” Reeb flows on 
admit disk-type global snrfaces of section. Combining this fact with a resnlt of 
Franks [9] on area-preserving homeomorphisms of the annnlus, they showed that the 
Reeb flow on every strictly convex hypersurface in has either two or inhnitely 
many periodic orbits. This result was extended in [13] to generic star-shaped hy¬ 
persurfaces in R^. More recently, Abbondandolo-Bramham-Hryniewicz-Salomao [H 
Thm. 2] constructed counterexamples to a conjecture about the systolic ratios of 
contact forms on S^, by hnding certain examples of area-preserving diffeomorphisms 
of the disk, and then suspending them to obtain Reeb flows on S^. 

The works mentioned above use facts about area-preserving maps of surfaces to 
obtain results about Reeb flows on S^. In this paper we will proceed in the opposite 
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direction, using information about Reeb flows on S^, coming from embedded contact 
homology, to obtain results about area-preserving diffeomorphisms of the disk. 

1.1 Statement of the main result 

Let denote the closed unit disk, and let u denote the standard area form on D^, 
rescaled so that its total area is 1. Let 

be an area-preserving diffeomorphism. Assume that there exists a real number 6q 
so that near the boundary of the map (j) is rotation by angle 27t6o- That is, in 
standard polar coordinates (r, 0), we have 

6) = {r, 6+ 27re(i) (1.1) 

when r is sufficiently close to 1. Let G denote the set of pairs (0, 9o) as above. 

Let /3 be a primitive of u on D^. Assume that on the boundary of we have 

f^\aD^{de) = —• ( 1 - 2 ) 

Given (0, 9o) G G, we dehne the “action function” / : —)■ M to be the unique 

function such that 



- ( 3 , 

9o. 


(1.3) 


Although the function / depends on /3, it determines two important quantities which 
do not. 

First, the Calabi invariant mm is dehned bjfl 

V(0,0o)= [ f^- 
J D'^ 

One can think of the Calabi invariant as a kind of “rotation number” of the map 0. 
For example, if 0 is rotation by angle 27r6*o, i.e. if equation fll.ip holds for all (r, 6*), 
then V(0, 6*o) = 9q. In general, the Calabi invariant is a homomorphism G —)■ M, see 

e.g. dU]. 

^We use the letter V to denote the Calabi invariant because of the connection with contact 
volume in Proposition 12.II below. 
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Second, if 7 = (xi,..., Xd) is a periodic orbit of cj) of period d, that is if 0(xj) = 
Xi+i mod d, and the points Xi are distinclH, we dehne the total action 

d 

^( 7 ) = 

i=l 

Lemma 1.1. Fix (0, 6 * 0 ) G G. Then the total action Aipf) of a periodic orbit 7 , 
and the Calabi invariant V(0, 6 * 0 ), do not depend on the primitive fd of uj satisfying 

03. 

Proof. Let fp denote the action fnnction determined by (d. If x G D^, we have 


Mx) = eo+ [{rf3-fd) (1.4) 

Jr] 

where 7 is any path in from dD^ to x. 

If 7 = (xi,... ,Xd) is a periodic orbit, choose paths ry from dD'^ to Xj so that 
rji^i = (p^rji for i = 1,..., d — 1. Then by fll.ip . the total action of 7 determined by 
(d is 

d n 

^fyixi) = d 6 »o + / /d. 

i=l J<f>*r]d-m 

This does not depend on 0, becanse (f^rjd — 71 is homologons to a path on the 
bonndary of along which the integral of Id is determined by fll. 2 l) . 

Similar calcnlations show that V(0, 6 * 0 ) does not depend on 0, see e.g. [10]. □ 

Let 7^(0) denote the set of periodic orbits of 0. If 7 = (xi,... ,Xd) G P(0) is a 
periodic orbit, denote its period by d{'y) = d, and dehne its mean action to be 


71(7) 

d(7) 


1 

d 


d 


'^fiXi). 


Onr main resnlt is the following: 

Theorem 1.2. Let 60 G M, and let 0 be an area-preserving diffeomorphism of D'^ 
which agrees with rotation by angle 27i9o near the boundary. Suppose that 


V{4,,»o)<»o. 


(1.5) 


Then 


“{7 


7en<#') <v(.#.,eo). 


( 1 . 6 ) 


^We assume that the points Xi are distinct only to avoid confusion with the notation later. 
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The conclusion fll.hp can be restated as follows: for every £ > 0, there exists a 
periodic orbit 7 such that the average of / over 7 is less than e plus the average of 
/ over D^. 

Remark 1.3. The conclusion of Theorem 11.21 does not necessarily hold if one takes 
the infimum over fixed points instead of periodic orbits. One can make a simple 
counterexample as follows, cf. [H §2]: Start with a rotation by angle tt, with 9o = 1/2. 
This has Calabi invariant 1 / 2 , and the only fixed point is the origin, which has action 
1/2. Now compose with a negative twist supported in a subdisk contained in the 
interior of one half of this will decrease the Calabi invariant without creating 
any new fixed points. 

Remark 1.4. We do not know how to prov^ the reverse inequality in Theorem 11.21 
namely that the supremum of the mean action is greater than or equal to the Calabi 
invariant assuming fll.Sp . However the reverse inequality is arguably less interesting; 
for example it trivially holds when 9q is rational, as then every point near the 
boundary of is on a periodic orbit with mean action equal to 9^. 

Replacing {4>,9o) by {(j)~^,—9o) in Theorem 11.21 immediately gives: 

Corollary 1.5. Let 9^ G M, and let 0 be an area-preserving diffeomorphism of D'^ 
which agrees with rotation by angle 27 i9q near the boundary. Suppose that 

V(0,0o) > 00 - 


Then 



7 G P( 0 ) 


> V(0,0o). 


Outline. The rest of this paper is arranged in order of increasing mathematical 
prerequisites. In ^ we use elementary constructions to reduce Theorem 11.21 to a 
statement about Reeb flows on fProposition 12.2p . In ^we prove Proposition 12.21 
using input from embedded contact homology (Proposition 13.ip . This input has two 
parts which, roughly speaking, give an upper bound on . 4 ,( 7 ) and a lower bound 
on (i( 7 ) in fll.bp . The upper bound on action comes from a relation between the 
ECH spectrum and contact volum^ which is reviewed in (|H The lower bound on 

^It is natural to try to prove this using arguments similar to those in ^ To start, there is a 
straightforward modification of Proposition 13. II in which the inequalities are essentially switched. 
However the calculations at the end of ^then do not work out. 

^Egor Shelukhin has suggested to the author that to prove Theorem 11.21 instead of using 
the relation between volume and the asymptotics of ECH capacities for contact forms on S^, 
one might alternatively use the relation between the Calabi invariant and the Entov-Polterovich 
quasimorphism [71 Prop. 3.3] for Hamiltonian diffeomorphisms of S'^. 
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the period comes from a new filtration on embedded contact homology determined 
by a transverse knot, which is introdnced in §3 Proposition 13.11 is then proved at 
the end of ^ This proof nses topological invariance of the knot hltration, which is 
proved in ^ following some technical preliminaries on ECH cobordism maps in ^ 

Acknowledgments. We thank Umberto Hryniewicz for snggesting that some¬ 
thing like Theorem 11.21 shonld be trne, and Vinicins Ramos for related helpfnl dis- 
cnssions. 


2 Reduction to contact geometry 

To prove Theorem 11.21 we will reduce to a statement about contact geometry. 

2.1 Preliminary definitions 

The contact geometry statement that we will need uses the following dehnitions, all 
of which are standard except possibly for the “rotation number” fl 2 . 2 p below. 

Let U be a closed oriented three-manifold. Recall that a contact form on U is a 
1-form A such that A A dA > 0 everywhere. We dehne the volume 

vol(U, A) = j A A d\. 

A contact form A determines the Reeh vector field R characterized by dX{R, •) = 0 
and A(i?) = 1, and the contact structure f = Ker(A) C TY. 

A Reeh orbit is a smooth map 7 : R/TZ —)■ Y for some T > 0, modulo 
reparametrization, such that 7 '(f) = R{pf{t)). The symplectic action of 7 is de- 
hned by 

A(7) = / a. 

This is the same as the above period T. We say that the Reeb orbit 7 is simple if 
the map 7 is an embedding. We let ^( 7 ) denote the set of simple Reeb orbits of 7 . 

If 7 is a Reeb orbit, then the linearization of the time T Reeb flow along 7 
determines a symplectic linear map 


-Py • ('^ 7 ( 0 ) 5 '^'^) (.^.^( 0 ), dA). ( 2 . 1 ) 

We say that 7 is elliptic if is a rotation for some symplectic identihcation — 
R^. (When the eigenvalues of are not both 1 or —1, an equivalent condition is 
that the eigenvalues of are on the unit circle.) 
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If HliY) = 0, then every Reeb orbit 7 has a well-dehned rotation number 
rot ( 7 ) G M dehned as follows. Consider a symplectic trivialization r : ~ 7 x 

such that a pushoff of 7 via this trivialization has linking number zerqj with 7 . If 
7 is elliptic, then we can choose the trivialization r so that for each t G [0,T], the 
linearization of the time t Reeb flow ^ 7 ( 4 ) is rotation by angle 27r6t, where 

0 : [0, T] —)■ M is continuous and 9q = 0. We then dehne 

rot( 7 ) = 9t- ( 2 . 2 ) 

If 7 is not elliptic, then has real eigenvalues, possibly both equal to ±1, which 
are both positive or both negative. In this case we dehne rot( 7 ) to be the number 
of times that the linearized Reeb how rotates an eigenvector of P-y with respect to 
the trivialization r as one hows around 7 . This is an integer when Py has positive 
eigenvalues, and a half-integer when Py has negative eigenvalues. 

Recall that an open book decomposition of a closed oriented three-manifold Y con¬ 
sists of a compact oriented surface S with boundary, a diheomorphism -0 : S —)■ S 
which is the identity near the boundary, and an orientation-preserving diheomor¬ 
phism 

y^ |0.l]xS 

r\j 

where on the right hand side we identify 

(l,a;) ~ (o,'0(a;)), xgS 


and 

(r, x) ~ (r',a;), x G cIS, r, r'G [0,1]. 

The image in R of a set {r} x int(S) is called a page of the open book. The image 
in Y of the set [0,1] x dYi is called the binding of the open book. A contact form 
A is compatible with an open book decomposition of Y if the Reeb vector held is 
positively transverse to the pages, and tangent to the binding. Then each component 
of the binding is a (simple) Reeb orbit. 

2.2 Prom a disk map to an open book 

We can now state the following proposition, which will allow us to reduce Theo¬ 
rem O to a statement about contact forms on S^. (This is similar to [H Prop. 3.2]. 

®When defining the Conley-Zehnder index of a nondegenerate Reeb orbit, it is common to use a 
different homotopy class of trivialization t, chosen so that it extends to a trivialization of ^ over a 
surface bounded by 7 . These two trivializations differ by the self-linking number of the transverse 
knot 7 , see 311 
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See [21 §6] for some related constructions.) Below, we fix the primitive /5 of a; to be 

J.2 

Proposition 2.1. Let 6 q G M, and let (p be an area-preserving diffeomorphism of D'^ 
which is rotation by angle 27 i9q near the boundary. Suppose that the action function 
f defined in fll.Sp is everywhere positive. Then there exists a contact form X on S^, 
which is compatible with an open book decomposition in which the pages are disks, 
with the following properties: 

(a) The binding orbit B has action 1 and is elliptic with rotation number 9 q^ . 

(b) There is a bijection V{'y) = {B} U such that if j G ^(0), then the 

corresponding Reeb orbit of A has linking number d{'y) with the binding, and 
symplectic action egual to the total action 0/7. 

(c) vol(S'^ A) = V{(j),9o). 

Proof. Let Y denote the mapping torus of 0, namely 

r = [o,i]xDV~, 

(l,a;) ~ (O,0(a;)). 

To prove the proposition we proceed in three steps. 

Step 1. We first construct a 1 -form Aq on [0,1] with the following properties: 


Near [0,1] x dD"^ we have 


Aq = d^dt -I- d9 

271 


(2.3) 


where t denotes the [ 0 , 1 ] coordinate. 

(ii) Ao descends to a smooth 1-form on the mapping torus Y. 

(iii) Ao is a contact form. 

(iv) The Reeb vector held of Aq is a positive multiple of dt. 

(v) The time for the Reeb how to move from (0,x) to (l,x) equals f{x). 

(vi) vol([0,1] X Ao) = V(0, 9o). 

To construct Aq with the above properties, choose £ G (0,min(/)/max(/)). Let 
7 : [ 0 , 1 ] —?• M be a smooth function with the following properties: 
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• ri{t) = 0 for t close to 0 . 

• ri{t) = t — 1 for t close to 1 . 

• —e < rj'{t) < 1 for all t. 

Now define 

Ao = Fdt + I3{t) (2.4) 

where F : [ 0 , 1 ] x —)■ M is defined by 

F(f, a;) = (1 - ri'{t))f{x) + f{x), 

and /3(t) is a l-form on for each t G [0,1] dehned by 

l3{t) = P + {t - ri{t))df + r]{t)(l)*df. 

Property (i) is immediate from the above dehnition and the fact that f = (p* f = 
6*0 near dD^. 

The conditions on i] imply that 

-^0 ~ fdt + /? + ticp*(3 — jd') 


for t close to 0 , and 


-^0 = (p*fdt + (j)*(3 + {t - - (3) 


for t close to 1. This implies property (ii). 
To prove property (iii), we observe that 


d(3(t) 

dt 


dF{t,-), 


and therefore 


dXo = d(3{t) = oj. 


Thus 


Ao A d\o = Fdt A OJ. 


(2.5) 

( 2 . 6 ) 


Our assumptions on rj and e imply that F is everywhere positive, so Ao is a contact 
form. 

It follows from fl2.4p and fl2.5l) that the Reeb vector held associated to Aq is given 


by 


Ro = F-^dt. 
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The time to flow from (0,a;) to (l,x) is then 


1 

F(t, x)dt = f{x) 


(2.7) 


0 


This proves properties (iv) and (v). 

Property (vi) follows from equations fl2.6p and fl2.7p . 

Step 2. We now define a contact form A on such that: 

• A is compatible with an open book decomposition in which the pages are disks. 

• The complement of the binding can be identified with the interior of the map¬ 
ping torus Y so that the pages are identified with sets {f} x int(iA^), and A is 
identified with Aq. 

Choose £ > 0 sufficiently small so that 0 is rotation by angle 0o in fhe region 
where > 1 — Let D‘^{e) denote the disk of radius Let Z = x D‘^{e). We 
denote the coordinate on Z by r G M/Z, and on the D‘^{e) factor we use polar 
coordinates (p, V') where p G [0,£] and -0 G M/27rZ. 


Let 


int(F) U Z 


where the equivalence relation ~ identifies the subset of Z where p > 0, with the 
subset of int(y) where > 1 — by the equations 


r'^ + = 1 , 


( 2 . 8 ) 


-0 = 2nt, 

9 = 2ttt — OqiP, 0 < '0 < 2ti. 


Observe that M is diffeomorphic to and has an open book decomposition in 
which the pages are the disks {t} x int(iA^) in Y, and the binding is the circle 
X {0} in Z. 

Now we claim that the contact form Aq on Y extends to a smooth contact form 
A on M. To see this, on the subset of Z where p > 0, by equations fl2.3p and f|2.8p 
we can rewrite Aq in the coordinates r, p, -0 as 


Ao = —p^dij) + (1 — p^)dT. 


To see that this extends smoothly over the circle p = 0, introduce new coordinates 
x,y on Z defined by a: = pcos'ip and y = psin'^. Then 



9 






This extends smoothly over the circle p = 0, and we denote the extension by A. We 
then compnte that 

X Ad\ = drdxdy, 

so A is a contact form. 

We now check that A is compatible with the open book decomposition. It follows 
from part (iv) of Step 1 that the Reeb vector held i? of A is positively transverse to 
the pages. To see that the binding is a Reeb orbit, we compnte that on Z the Reeb 
vector held is given by 

R = 2719^^8^ + dr (2.9) 

which agrees with dr on the binding. 

Step 3. We now show that the contact form A on M ~ 5^ satishes the conclnsions 
(a)-(c) of the proposition. 

Assertion (a) follows from eqnation fl2.9p . 

The bijection V{'j) = {B}UV{4>) relating linking nnmber to period follows from 
part (iv) of Step 1. Part (v) of Step 1 implies that symplectic action corresponds to 
total action under this bijection. This proves assertion (b). 

Assertion (c) follows from part (vi) of Step 1. □ 

2.3 Proof of the main theorem using contact geometry 

We now use Proposition 12.11 to reduce Theorem 11.21 to the following: 

Proposition 2.2. Let X be a contact form on with volume V. Suppose that X 
is compatible with an open book decomposition in which the pages are disks, and the 
binding B has symplectic action 1. Suppose that the binding is elliptic with irrational 
rotation number 9 q^, and suppose that 


V <9o. 


Then 


inf 


-^(7) 

%,R) 


7 e P( 7 ) \ {B} 


< 


Here £{'y,B) denotes the linking number of the 
binding B. 


simple Reeb orbit 7 with the 


Proof of Theorem \1.2\ (assuming Proposition \2.Zi] . We can assume without loss of 
generality that / is everywhere positive, because given an arbitrary (0, 9q) G G, we 
can make / positive by adding a large positive integer n to 9o. This will not ahect 
the validity of Theorem 11.21 since both the Calabi invariant and the mean action of 
every periodic orbit will be increased by n. 
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We now proceed in three steps. 

Step 1. We first restrict to the case where 9q is irrational and prove the weaker 
inequality 

< V^o-V(0,0o). (2.10) 

Since / > 0, we obtain a contact form A on 5^ from Proposition 12.11 Applying 
Proposition 12.21 to this contact form immediately gives fl2.10l) . 

Step 2. Continuing to restrict to the case where 6 q is irrational, we now deduce 
fll.61) from the weaker result of Step 1 by twisting the map 0 near the boundary to 
make the boundary rotation number closer to the Calabi invariant. 

To start, choose 5 > 0 so that 0 is rotation by 27i9q in the region where r > 1 — 6. 
Write V = V(0, 9o) and pick £ > 0 with V + e < 9o. Choose a smooth nonincreasing 
function 

0:[1-<5,1]^[C + £,0o] 

such that ^(r) = 9o for r close to 1 — 5 and 0(r) = C + e for r close to 1. Dehne a 
new area-preserving diffeomorphism 

0 : - yD2 


inf 


d(j) 


7 e P(0) 


in polar coordinates by 

0(r, 9) 


0(r, 9), r < 1 — 6, 
(r, 9 + 27r0(r)), r > 1 — 5. 


We want to apply Step 1 to the pair (0, V + e) E G. 

To see what Step 1 gives us, we need to compute the action function 

f:D^^R 

determined hj + e). If 1 — <5 < r < 1 then / is a function of r, namely 


f[r,0) = V + s- p i:'(p)dp. 


( 2 , 11 ) 


If r < 1 — 5, then / differs from the old action function / by a constant: 


f{r,9) = f {r, 9)+ 


V + e-9n 


'l-S 


p <ip'(p)dp 


( 2 . 12 ) 


It follows from fl2.1ip and fl2.12p that if we choose 6 sufficiently small, then 


f{r,9)-f{r,9) 


< e/3 


(2.13) 
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for r < 1 — 5, and 

V{^,V + e)-V <e/2. (2.14) 

By fl2.14p . Step 1 is applicable to the pair i(p,V + £), and we obtain 




7 G P 


< ^(V + e)(V + el2) 


(2.15) 


where A denotes the total action dehned using the action function /. Now the 
inequality fl2.15p is still true if in the inhmum on the left hand side we restrict to 
periodic orbits that are contained in the region r < 1 — 6. The reason is that by 
fl 2 . 1 ip . any periodic orbit in the region where r > 1 — 6 has mean action at least 
V + e, which is greater than the right hand side of fl2.15p . Thus we have 


inf 


-^( 7 ) 

d(7) 


7 e p (?!(,<,_j)) I < 7(r + £)(i/ + £/2). 


On the other hand, 0 agrees with 0 on the region where r < 1 — 6, and if 7 is a 
periodic orbit in this region, then by fl 2 . 12 p . the total actions determined by / and 
/ satisfy 

-^( 7 )--^( 7 ) <d{-f)e/3. 


Thus we obtain 


inf 


-^( 7 ) 

d(7) 


7 e p(0) \ < ^/{V + e){V + e/2) + e/3. 


Since e > 0 can be arbitrarily small, this gives 

'71(7) 


inf 


d{l) 


7 e P(0) \ < V 


as desired. 

Step 3. We now drop the assumption that 6q is irrational. To do so, pick e > 0 
small. As in Step 2 , we can twist near the boundary to replace ( 0 , 6 ^ 0 ) by ^0, 6^0 j 

where 6q is irrational and close to 6 * 0 , and the inequalities fl2.13p and fl2.14p hold. 
Then applying the result of Step 2 to the pair ^0, 6*0 j, we hnd that 

“IS 


7 G P(0) j <V + 5e/6. 
Since £ > 0 was arbitrary, the result 111.61) follows. 


□ 
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3 Input from embedded contact homology 

The proof of Proposition 12.21 uses Proposition 13.11 below, which is proved using 
embedded contact homology. To state the latter result, we need the following pre¬ 
liminary dehnitions. 

Let A be a contact form on a closed oriented three-manifold Y. An orbit set is 
a hnite set of pairs a = {(aj,mj)} where the o;* are distinct simple Reeb orbits and 
the rrii are positive integers. One can think of the integers m* as “multiplicities”. 
We sometimes write an orbit set using the multiplicative notation 

n nii 
i 

Let 0{\) denote the set of orbit sets. The symplectic action of an orbit set is dehned 
by 

A{a) = (3.1) 

i 

If iLi(R) = 0 and if K is an oriented knot disjoint from the Reeb orbits Oj, then we 
dehne the linking number 


i{a,K) = mii{ai, K). 

i 


(3.2) 


If a and b are positive real numbers, dehne {Nk{a, b)}k=o,i,... to be the sequence of 
nonnegative integer linear combinations of a and b, written in nondecreasing order 
with repetitions. We can now state: 

Proposition 3.1. Let X be a contact form on S^. Suppose that A is compatible 
with an open book decomposition in which the pages are disks, and the binding B 
is elliptic with positive irrational rotation number. Then for every e > 0, if k is a 
sufficiently large positive integer, then there exists an orbit set a not including the 
binding, and a nonnegative integer m, such that 


{A{a) + mA{B))'^ 
2fc 


< vol(S'^, A) -|- e, 


i{a, B) + miot{B) > N^il, rot(i?)). 


(3.3) 

(3.4) 


Proposition 13.11 will be proved in l|5l Assuming this proposition, we now prove 
Proposition 12.21 

We hrst need the following combinatorial lemma. We give the elementary proof 
here because we will need equation fl3.6p again in Lemma [4.II 
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Lemma 3.2. Given positive real numbers a, b, there exists a constant c such that 


Nk{a, bY > 2abk — 


(3.5) 


for every nonnegative integer k. 

Proof. We have Nk{a,h) = am + bn for some nonnegative integers m,n. Write 
L = am + bn. Let T be the triangle in the plane bounded by the axes and the 
line ax + by = L. Then by the dehnition of W, the number of lattice points in the 
triangle T (including the boundary) is at least k + 1 (with equality when [m, n) is 
the only lattice point on the diagonal edge). By dividing the triangle T into the 
rectangle with corners at ( 0 , 0 ), (m, 0 ), ( 0 , n), (m, n) and two smaller triangles, we 
hnd that the number of lattice points in T is 


at 

T 


E 


|T n = (m + l)(n + 1) + 

i=l L - J j — l L 

m . n , . 

< (m + l)(n + 1 ) + ^ — + ^ 


a 


b ^' a 

1=1 j=i 


, , , , amim + 1) bnin + 1) 

= (m + l)(n + l) +-^ ^ 


2b 

L m + n 


2a 


2ab 2a 2b 


+ 1 . 


(3.6) 


Thus 


2abk < + (a + h)L + ab{m + n). 


The estimate fl3.5l) follows from this. 


□ 


Proof of Proposition \2.S\ (assuming Proposition I,?. 1\) . Let Oo denote the set of orbit 
sets that do not include the binding B. It is enough to show that 


inf 


A{a) 


aeO 



< v%v. 


(3.7) 


The reason is that if a = {(at, mi)} G Oq is an orbit set not including the binding, 
then by equations (13.Ih and (I3.2jl . at least one of the orbits Oi must have 

A(ai) ^ A(a) 

£(ai,B) - £(a,B)' 

To prove fl3.7p . let £ > 0 so that 


V + £<0o- 


(3.8) 
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Choose fc > 0 sufficiently large with respect to £ so that Proposition 13.11 applies to 


give an orbit set a E Oq and a nonnegative integer m with 

(A(a) + mf <2k(V + e), (3.9) 

£(a, B) + 6^^). (3.10) 

By Lemma [3.21 the inequality fl3.10p implies that 

{i{a, B) + > 2k6^^ — ck^^'^ (3.11) 

where c is a constant depending only on and not on k. Now fl3.9p gives us an 
upper bound on A{a), namely 

A{a) < \/2k{V + e) — m. (3.12) 

And fl3.1ip gives us a lower bound on i{a, B), namely 

i{a, B) > \J 2k9Q^ — (3.13) 


Note that the right hand side of (I3.13p is positive when k is sufficiently large, because 
fl3.9l) and (13.81) imply that m < hY2k6o where h < 1 is a constant independent of 
k. Assuming that k is sufficiently large in this sense, we can then divide fl3.12p by 
fl3.13p to get 

^J2k{y + e)-m 

£{a,B)- ^ ^2keo - cOlk^B - m 

\i we regard the right hand side of (I3.14p as a function of the nonnegative integer 
m, then it is maximized when m = 0, as long as 

2k{y + e)< 2keo - celk^l‘^. (3.15) 

The inequality fl3.15p holds if k is sufficiently large, by (13.8p . and we then obtain 


A{a) ^ I 2k{V + e) 
e{a,B) - \l2keo^ -ck^/^' 


Since k can be arbitrarily large, taking k ^ oo gives 

A{a) 


inf 


a 


eOo\< ^/OoiV + e). 


i{a,B) 

Since e > 0 can be arbitrarily small, this proves (13.71) . 


□ 


Remark 3.3. It may be possible to improve the upper bound in Proposition 12.21 to 
V, and to drop the assumption that 6o is irrational, similarly to the arguments in 
( 12.31 However we do not need this. 
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4 Review of embedded contact homology 

We now review some notions from embedded contact homology (ECH) that will be 
needed in the proof of Proposition 13.11 For more details abont ECH, see [15] and 
the references therein. Readers familiar with ECH may wish to skip ahead to ^ 

4.1 Definition of ECH 

Let H be a closed oriented three-manifold. Let A be a contact form on Y. A Reeb 
orbit 7 is nondegenerate if the linearized retnrn map in fl 2 .ip does not have 1 as 
an eigenvalne. In this case 7 is either elliptic or hyperbolic, meaning that has 
real eigenvalnes. The contact form A is nondegenerate if all (not necessarily simple) 
Reeb orbits are nondegenerate. Generic contact forms have this property. Assnme 
below that A is nondegenerate. 

The embedded contact homology ECHJY, A) is the homology of a chain complex 
ECC{Y, A, J) over Z/2 dehned as follow^. 

The chain complex ECC{Y, A, J) is freely generated over Z/2 by orbit sets a = 
{(aj,mj)} snch that = 1 whenever Oj is hyperbolic. For some explanation of 
why we add this last condition, see [151 §§2.7,5.4]. 

If we assnme that Hi{Y) = 0, then the chain complex has an absolnte Z-grading, 
and we will denote it by ECC^ to indicate this grading. The grading of a generator 
a = {{ai,mi)} is given by 


mi 

/(a) = -E mi sl(Q!i) + ^ mimji{ai, aj) + YY {[ke,\ + \ke,-]). (4.1) 

i i^j i k=l 

Here sl(aj) denotes the self-linking nnmbei0of a*, while (. denotes the linking nnmber 
as nsnal, and 6i denotes the rotation nnmber rot (a,). 

We say that an almost complex strnctnre J on M x H is X-compatible if it satishes 
the following conditions: 

• J is M-invariant. 

• J sends ^ to itself, rotating positively with respect to dX. 

®It is also possible to define ECH over Z, see [HI §9], but that is not necessary for this paper 
(or for any of the other applications thus far). 

^The self-linking number of a simple Reeb orbit 7 , or more generally of any transverse knot 
(oriented knot that is positively transverse to ^) can be defined as follows. Let r denote the 
homotopy class of symplectic trivialization of for which a pushoff of 7 has linking number zero 
with 7 . Let E be a Seifert surface for 7 . Then sl( 7 ) = —ci(^|e,t), where the right hand side 
denotes the relative first Chern class, see [HI §3.2]. The grading formula (14.11) is obtained from 
the more usual grading formula [HI Eq. (3.11)] using the above trivialization r. 
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• J{ds) = R, where s denotes the M coordinate and R denotes the Reeb vector 
field. 

Fix a A-compatible J. Let a = {{ai^rrii)} and [3 = {{(3j,nj)} be orbit sets. A 
J-holomorphic curve from a to /5 is a J-holomorphic cnrve in M x R with positive 
ends at covers of ai with total covering mnltiplicity rrii, negative ends at covers of 
/3j with total covering mnltiplicity rij, and no other ends. See [151 §3-1] for more 
details. 

A J-holomorphic current from a to /3 is a finite formal snm C = 
where the Ck are distinct irreducible somewhere injective J-holomorphic curves 
from orbit sets a{k) to (3{k), the dk are positive integers, and Ha: = a and 

= 13. Here the product of orbit sets is defined by adding the multiplicities 
of all Reeb orbits involved. The curves Ck are the components of the holomorphic 
current C, and one can think of the integers as “multiplicities”. Let JA'^{a,f3) 
denote the set of J-holomorphic currents from a to 13. 

To define the differential on the chain complex, we choose a suitably generic 
A-compatible almost complex structure J. To simplify notation, we restrict to the 
case H-iiY) = 0, which is all that we will need (see [T5l §3.5] for the general case). 
If a is a chain complex generator, we then define 

da = 

where in the sum (3 is another chain complex generator, the M action is by translation 
in M X F, and # denotes the mod 2 count. See [13 §5.3] for the proof that the set 
being counted is finite. It is shown in im that = D. Thus we have a well-defined 
chain complex ECC^Y, A, J), and its homology is the embedded contact homology 
ECH^{Y, X). It follows from the theorem of Taubes [22] relating ECH to Seiberg- 
Witten Floer cohomology [ 20 ] that ECH^Y, X) does not depend on the choice of 
J; in fact it only depends on Y and 

4.2 The ellipsoid example 

In the present paper we will need a detailed understanding of the ECH chain complex 
for the boundary of an ellipsoid. 

If F is a star-shaped hypersurface in then the Liouville form 

1 2 

t=i 

restricts to a contact form on F. In particular, let F be the boundary of the ellipsoid 
E(a,6) = |z e 


7r|Xi| 


+ 


T^\Z2\ 


< 1 
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where a,b > 0 are constants with a/b irrational. Of conrse Y is diffeomorphic to S^. 
We will need the following explicit description of the chain complex ECC^{Y, Ao|y, J), 
for any Ao-compatible almost complex strncture J. 

Lemma 4.1. Let Y = dE{a,b) where a/b is irrational. Then: 

(a) The Liouville form Aq restricts to a nondegenerate contact form on Y. 

(b) The grading defines a bijection from the set of generators of ECC^{Y, Aq, J) to 
the set of nonnegative even integers. 

(c) The grading 2k generator has symplectic action Nk{a,b). 

Proof. The Reeb vector held on Y is given by 

VaWpbW/) 

where Oj denotes the angular polar coordinate on the Xj,yj plane. It follows that 
there are just two simple Reeb orbits: the circle 71 = (z 2 = 0), and the circle 
72 = (^1 = 0). These orbits have symplectic action a and b respectively. The orbit 
7 i is elliptic with rotation number a/b, and the orbit 72 is elliptic with rotation 
number b/a. In particular, all covers of these orbits are nondegenerate since a/b is 
irrational. This proves (a). 

The chain complex generators now have the form 7^72 where m, n are nonegative 
integer^. The action of a generator is given by 

=am + bn. (4.2) 

To compute the grading, note that the orbits 71 and 72 both have self-linking number 
—1, and their linking number is 1. It then follows from the grading formula fl4.1l) 
that 

( m n 

(m + l)(n + 1 ) - 1 + ^ \ ia/b\ + ^ [j 6 /aj 

i=i j=\ 

It follows from this and equation fl3.6p that 

/( 7 ™ 72 ) = 2k 7=^ Nk{a, b) = am + bn. 

Together with fl4.2l) . this implies (b) and (c). □ 

®The notation 7™72 is shorthand for the orbit set containing ( 71 , 771 ) when m > 0 and ( 72 ,n) 
when 77 > 0 . 
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4.3 Filtered ECH and the ECH spectrum 

Let y be a closed oriented three-manifold, let A be a nondegenerate contact form on 
y, and let J be a generic A-compatible almost complex structure on M x y as needed 
to define the ECH chain complex ECC{Y, A, J). It follows from the dehnition of A- 
compatible almost complex structure that if a and /3 are orbit sets and if the moduli 
space is nonempty, then A{a) > Al(/9), with equality only ii a = (3. In 

particular, the differential decreases symplectic action. Thus for each L G M we 
have a subcomplex ECC^{Y, A, J), dehned to be the span of those chain complex 
generators a for which A{a) < L. The homology of this subcomplex is the filtered 
ECH, denoted by ECH^iY, A). It is shown in [121 Thm. 1.3] that hitered ECH does 
not depend on J. However it does depend on the contact form A and not just on 
the contact structure 

If r > 0 is a constant then there is a canonical “scaling” isomorphism 

ECH^{Y, A) = ECH^^iY, rX). (4.3) 


To see this, note that A and rX have the same Reeb orbits up to reparametrization. 
If J is a generic A-compatible almost complex structure, then there is a unique rX- 
compatible almost complex structure J” which agrees with J on the contact planes; 
and J-holomorphic curves correspond to J^-holomorphic curves under rescaling the 
M coordinate on M x y by r. Thus the above bijection on Reeb orbits gives an 
isomorphism of chain complexes 


ECC^iY, A, J) = ECC^^iY, rA, J”). 

(4,4) 

There are also maps 


ECH^iY, A) ^ ECHiY, A) 

(4.5) 

and 


ECH^{Y, A) ^ ECH^\Y, A) 

(4.6) 


for L < L' induced by inclusion of chain complexes. It is shown in [191 Thm. 1.3] 
that the maps fl4.3p . fl4.5p and fl4.6p do not depend on J. 

We now introduce the ECH spectrum in the special case that we will need, which 
is where A is a nondegenerate contact form on S'^ whose kernel is the standard tight 
contact structure (given by the kernel of the Liouville form Aq on a compact star¬ 
shaped hypersurface in M^). We know from Lemma [4. II that 


ECH,{S\X) 


'Ll‘1, * — 0 , 2 , 4 ,..., 

0 , otherwise. 


We dehne Ck{S^, A) to be the inhmum over L such that the generator of ECH 2 k{S^, A) 
is in the image of the inclusion-induced map fl4.5p . Equivalently, if we choose an 
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almost complex structure J as needed to define the ECH differential, then Ck{S^, A) 
is the minimum over L such that the generator of ECH 2 k{S^, A) can be represented 
by a cycle in ECC 2 k{S^, A, J) snch that each generator in the cycle has symplectic 
action at most L. The list of nnmbers {ca;(S'^, A)}fc=o,i,... is called the ECH spectrum 
oi{S^,X). 

The ECH spectrnm behaves as follows if one mnltiplies the contact form by a 
positive fnnction. First, if r > 0 is a constant, then 

Ck{S^, r\) = rck{S^, A). (4.7) 

Second, ii f : Y —)■ M is a fnnction with / > 1 everywhere (and if /A is nondegen¬ 
erate), then 

Ck{S\fX)>Ck{S^X). (4.8) 

The scaling property fl4.7l) can be proved nsing the isomorphism fl4.3l) . and the 
monotonicity property fl4.8p can be proved nsing the cobordism maps reviewed in 
§S1 For details see m §4]. 

Given the above properties, one can extend the definition of Ck to degenerate 
contact forms as follows. If A is degenerate, let {/„ : Y —)■ be a seqnence 

of positive functions with /„ —)■ 1 in the topology snch that fnX is nondegenerate 
for each n. We then define 


Ck{S^X)= limckiS^UX). (4.9) 

n—^oo 

The properties fl4.7p and fl4.8p imply that fl4.9p is well defined and again satisfies 
properties fl4.7p and fl4.8p . 

The key nontrivial fact abont the ECH spectrnm that we will need is the follow¬ 
ing: 

Theorem 4.2. Let X be a contact form on whose kernel is the standard tight 
contact structure. Then 

hm - — -= vol(S“, A). 

fc^oo zk 

Example 4.3. If {S^,X) is diffeomorphic to {dE{a,b), Xq), then it follows from 
Lemmas 14.11 and 13.21 that 

k—yco Zk 

The right hand side agrees with vo\{dE{a,b), Xo), confirming the theorem in this 
case. 
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Proof of Theorem 4.2. This is a special case of 0 Thm. 1.3], which is a more general 
result valid for any contact three-manifold, proved using Seiberg-Witten theory. One 
can also prove this particular case without using Seiberg-Witten theory (except as 
currently needed to dehne ECH cobordism maps) by using [HI Prop. 8 . 6 (b)] to 
reduce to Example 14.31 □ 


5 Knot filtration on ECH 

We now dehne a new “knot hltration” on ECH and use it to prove Proposition 13.11 
Let E be a closed three-manifold with HiiY) = 0. Let A be a nondegenerate 
contact form on E, and let J be an generic A-compatible almost complex structure 
on M X E. Let i? be a simple elliptic Reeb orbit with rotation number 0o ^ ® \ Q- 
(This 6*0 corresponds to the inverse of the 6 *o considered previously.) We can use B 
to dehne a hltration Bb on the ECH chain complex ECC^{Y, A, J) as follows. 

Consider an orbit set where m is a nonnegative integer and a is an orbit 
se 1 @ not including B. We dehne 

=meo + i{a,B). 

Of course Tb is not integer valued. However if 6 *o > 0 and if every Reeb orbit other 
than B has nonnegative linking number with B (for example in the open book 
setting of Proposition 12.21 where this linking number is always positive), then Bb 
takes values in a discrete set of nonnegative real numbers. 

Lemma 5.1. IfB'^+a+ and B^-a- are orbit sets, and if there exists a J-holomorphic 
current C G {B'^+ a+, B^-a-), then 

BBiB^+a+) > J-s(H™-a_). (5.1) 

In particular, the ECH differential d does not increase Eb- 

Remark 5.2. The dehnition of “A-compatible” almost complex structure implies 
that the “trivial cylinder” Mx R is automatically a J-holomorphic cylinder in Mx E. 
The proof of Lemma 15.11 will show that equality holds in fl5.ip if and only if = 
m_, the current C includes M.X B with multiplicity m+ when m+ > 0, and no other 
component of C intersects M x R or has an end at a cover of R. 

Proof of Lemma \5. 1\ By linearity of all the terms in fl5.ip . we may assume with¬ 
out loss of generality that G consists of a single irreducible somewhere injective 
component C which does not agree with M x R. 

®Here we are not assuming that B’^a is a generator of the ECH chain complex, i.e. we do not 
require that hyperbolic orbits have multiplicity one. 
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By standard results on the asymptotics of holomorphic curves, see e.g. PH Cor. 
2.5, 2.6] for quite strong versions of these, if Sq > 0 is sufficiently large, then C is 
transverse to {±so} x y, and C fl ((—oo, —sq] x Y) and C fl ([sq, C)o) x Y) do not 
intersect M. x B. Choose sq sufficiently large in this sense and let ri± denote the 
intersection of C with {±so} x Y. Observe that 

i{v+,B)-i{r].,B) = i^{Cn{RxB)). 

Here ‘ 7 ^’ denotes algebraic intersection number. By intersection positivity of the 
J-holomorphic curve C with the J-holomorphic cylinder Rx B, the right hand side 
is nonnegative, so 

i{v+,B)>i{r]_,B) (5.2) 

(with equality if and only if C does not intersect R x B). 

The link ri± consists of a link approximating a±, together with a link in a 
neighborhood of B. We then have 

i{v±,B)=e{a±,B)+i{C^,B). (5.3) 

The link has one component for each positive end of C at a cover of B. Let 
qi,...,qk denote the covering multiplicities of these ends, so that 
and let C+) ■ ■ ■ 5 C+ denote the corresponding components of (C+. By results on the 
asymptotics of holomorphic curves going back to [TTl §3] and reviewed in |T5l Lem. 
5.3(b)], we have 

£(c;,i?)< MoJ. 

Therefore 


k 

«(C+,B)<y MoJ 

i=l 


< [m+^oj . 


It follows that 

iiC+,B)<m+eo. (5.4) 

(Since do is irrational, equality holds if and only if m+ = 0.) Similarly, 

i{(-,B) > m_9o (5.5) 

(with equality if and only if m_ = 0). Combining fl5.2p . fl5.3p . fl5.4p and fl5.5p proves 
that fl5.ip holds. □ 


22 






If is a real number, let ECHf^-^{Y, A, J) denote the homology of the sub¬ 
complex generated by admissible orbit sets B^a with < R. The following 

theorem asserts that this is a topological invariant. (In the special case when Rb 
takes values in a discrete set, the associated spectral sequence is also a topological 
invariant, by a similar argument.) 

Theorem 5.3. Let Y be a closed three-manifold with Hi{Y) = 0, let f be a contact 
structure on Y, let B (Z Y be a transverse knot, let 9 q G M \ Q, and let i? G M. 
Let \ be a contact /or ?70 with Ker(A) = f such that B is an elliptic Reeb orbit with 
rotation number Oq. Let J be any generic X-compatible almost complex structure. 
Then ECH^^-^iY, A, J) depends only on Y, B, Oq, and R. 

By Theorem 15.31 we can denote ECH^^-^{Y, X, J) by ECH^-^{Y,f,B,9o). 
The proof of Theorem 15.31 requires some additional technical preliminaries and is 
deferred to ^ Meanwhile, here is the key example that we will need. 

Example 5.4. Let Y be the boundary of the ellipsoid E{a,b) where a, 6 > 0 are 
constants with a/b irrational, with the restriction of the Liouville form Aq, and let 
B = 72 , see ^4.21 Recall that 72 has rotation number 9q = h/a and linking number 
1 with 7 i. The filtration of an ECH generator , where d, m G N, is then given 
by 

= <i+ mb/a 

= o-M(7f72”‘)- 

It follows using Lemma [4.11 that if x is an ECH generator with grading I{x) = 2k 
then 

= Nk (!,&/«) • 

We conclude that if /c is a nonnegative integer then 

and ECLlf^^~^ = 0 for all other gradings *. 

Example 15.41 and the topological invariance in Theorem 15.31 imply the following: 

Proposition 5.5. Let .^0 the standard tight contact structure on S^, let Bo be the 
standard transverse unknot (given by a Hopf circl^), let R G M, and let 9o > 0 be 

^°Such a contact form always exists. 

to isotopy of transverse knots, this is the unique transverse unknot with self-linking number 
— 1, see OH]. 


R > Nk{,l,b/a), 

otherwise 
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irrational. Then for k we have 


Z/2, R> iVfc(l, 6 ^ 0 ), 
0 , otherwise 




and 


for all other gradings *. 


ECHf^^{S\fo,Bo,eo) = 0 


We can now give: 

Proof of Proposition \3.1\ (assuming Theorem \5. 3[) . The proof has two steps. 
Step 1. We hrst prove the proposition in the case when A is nondegenerate. 
By Theorem 14.21 if k is snfhciently large then 


CA:(>g^A)^ 

2k 


< vol(5^ A) + £. 


(5.6) 


Assnme that k is snfhciently large in this sense. 

Let J be a generic A-compatible almost complex strnctnre on M x S^. By the 
dehnition of Ck{S^, A), there exists a cycle 


x = ECC2kiS\X,J) 

i 


which represents the generator of ECH 2 k{S^, A), snch that each orbit set Xi in the 
cycle has symplectic action A{xi) < Ck{S^, A). In particular, for each i we have 

<vol(g^A)+£. (5.7) 

Now for at least one i, we must also have 

Jh(xj) > 7Vfc(l,rot(i?)). (5.8) 


Otherwise, by Proposition 15.51 x would be nullholomogous, contradicting the fact 
that X represents the generator of ECH 2 k{S^, A). 

Choose i such that Xi satishes both (15.7p and (I5.8p . Write Xi = B'^a where 
m is a nonnegative ineger and a is an orbit set that does not include B. Then 
the inequalities fl5.7p and fl5.8p translate into the desired conclusions fl3.3p and fl3.4p 
respectively. 

Step 2. We now drop the assumption that A is nondegenerate. 

If A is degenerate, let {/n}n=i,2,... be a sequence of functions —)■ M with 

0 < /n < 1 such that /„ —)■ 1 in and the contact form A^ = fnX is nondegenerate. 
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We can arrange that each A„ satisfies the hypotheses of the proposition for each n, 
with the same binding orbit B, such that A{B) and rot(i?) do not depend on n. 

We know from Theorem 14.21 (which does not assume nondegeneracy of A) that 
if k is sufficiently large then fl5.6p holds. Assume that k is sufficiently large in this 
sense. It then follows from the monotonicity property fl4.8p that 


Ck{S\fn\Y 

2k 


< vo\{S^, X)+e 


for each n. By the argument in Step 1, for each n we can choose a nonnegative 
integer m{n), and an orbit set a{n) not including B, such that 


{An{a{n)) + m{n)A{B))‘^ 
2k 


< vol(S'^, A) + e, 


E{a{n), B) + m{n) rot(S) > W(l, rot(i?)). 


(5.9) 

(5.10) 


Here An denotes the action determined by A^. 

The inequality (15. 9 p implies that there is an n-independent upper bound on the 
nonnegative integer m{n). Thus we may pass to a subsequence so that m{n) is con¬ 
stant; denote this constant by m. The inequality fl5.9p also gives an n-independent 
upper bound on Al„(a(n)). On the other hand there is an n-independent lower 
bound on the action of any Reeb orbit for A„ (since the Reeb vector fields of A„ 
and A are nonsingular). It follows using fl5.9p again that the total multiplicity of all 
Reeb orbits in a(n) has an n-independent upper bound. We can then pass to a fur¬ 
ther subsequence so that a{n) = {ai{n),mi} where is an n-independent positive 
integer, and aj(n) is a simple Reeb orbit for A„ with lim„^oo C(i{,n) = ai, where ttj is 
a Reeb orbit for A. Since the contact form A is degenerate, the Reeb orbits ai need 
not be simple or distinct. Nonetheless, since the binding R is a nondegenerate Reeb 
orbit of A, we do know that none of the orbits a* is a cover of B. Thus a = Ui «r is 
a well-defined orbit set for A that does not include R, and the sequence of orbit sets 
a{n) converges “as a current” to a. In particular An{oi{n)) converges to A{a), and 
B) is equal to £(a, R) for n sufficiently large. Thus the inequalities fl5.9p and 
fl5.10p imply that the pair (a, m) satisfies the conclusions of the proposition. □ 


6 Cobordism maps on ECH 

To prepare for the proof of Theorem 15.31 we now review some properties of maps 
on ECH induced by exact symplectic cobordisms. (For maps on ECH induced by 
more general strong symplectic cobordisms, see [HI §2.4] and more generally [IB].) 
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6.1 Exact symplectic cobordisms 

Let (y+, A+) and (y_,A_) be closed three-manifolds with contact forms. An exact 
symplectic cobordism from (LA A+) to (YL, A_) is a pair (X, A), where X is a compact 
fonr-manifold with bonndarjo dX = ¥+ — ¥_, and A is a one-form on X snch that 
d\ is symplectic and Ajy^^ = A±. 

Given an exact symplectic cobordism (X, A), a neighborhood of ¥^ in X can 
be canonically identihed with (—£,0] x X+ for some £ > 0 snch that A is identihed 
with e^A+, where s denotes the (—£,0] coordinate. This identihcation is dehned so 
that ds corresponds to the nniqne vector held V snch that lydX = A. Likewise, 
a neighborhood of ¥_ in X can be canonically identihed with [0, e) x ¥_ so that 
A is identihed with e^A_. Using these identihcations, we then glne to form the 
completion 

X = {{ — OO, 0] X Tl) Uy_ X Uy_^ ([0, CX)) X ¥+). 

If (X+, A+) is an exact symplectic cobordism from (Yi,Ai) to and if 

(X_, A_) is an exact symplectic cobordism from (Xq, Aq) to (X_i, A_i), then we can 
similarly glne along ¥q to dehne the composition 

X_ O x+ = X_ Uy^ X+. 

The one-forms A_ and A+ glne to a one-form on X_oX+ which we denote by A_oA+ 
and which makes the latter into an exact symplectic cobordism from (Xi,Ai) to 
(1 Ai,A_i). 

More generally, for i? > 0, we can dehne the stretched composition 


X_ x+ = X_ Uy„ ([-/2, R] X Xo) U X+. 


The one-forms e^^A± on X± and e^Ao on [—i?, i?] x Xq glne to a one-form A_o^A+ on 
X_o^X+ which makes the latter into an exact symplectic cobordism from (Xi, e'^Ai) 
to (X_i,e"^A_i). 

6.2 Broken holomorphic currents 

Let (X, A) be an exact symplectic cobordism from (X+, A+) to (X_, A_). We say that 
an almost complex strnctnre J on the completion X is cobordism-admissible if J 
is dA-compatible on X in the nsnal sensJ^. and if there are A±-compatible almost 
complex strnctnres on M x ¥± snch that J agrees with J+ on [0, oo) x X+ and 
with J_ on (—cx3,0] x X_. 

^^Strictly speaking, we should say that an exact symplectic cobordism includes a choice of 
diffeomorphism dX ~ W U — YL. 

^^That is, g{-, ■) = dX{-, J-) is a Riemannian metric on X. 
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Remark 6.1. One can compose cobordism-admissible almost complex structures 
as follows. Suppose that (X+, A+) is an exact symplectic cobordism from (Yi, Ai) to 
(Fo, Ao), and (X_, A_) is an exact symplectic cobordism from (Fq, Aq) to (F_i, A_i). 
Let Ji be a Aj-compatible almost complex structure on M x Fj for i = —1, 0,1. Let 
J± be cobordism-admissible almost complex structures on the completions X± that 
restrict to J±i and Jq on the ends. We can then glue J_, Jq, and J+ to define an 
almost complex structure J_ on X_ for each i? > 0. When i? = 0, this 

is a cobordism-admissible almost complex structure on X_ o X+ which we denote 
simply by J_ o J_,_. (When i? > 0, the almost complex structure J_ or J+ is not 
quite cobordism-admissible, because the contact forms have been rescaled.) 

Now let (X, A) be an exact symplectic cobordism from (F+, A+) to (F_, A_), and 
fix a cobordism-admissible almost complex structure J on the completion X. If 
are orbit sets for A±, we can define a set Xl‘^(a+,a_) of J-holomorphic currents 
from Q!_|_ to Q!_ as before. 

A broken J-holomorphic current from to a_ is a tuple C = {Gn-, ■ ■ ■ ,Qn+) 
where X_ < 0 < X+ such that there are distinct orbit sets a_ = a_(X_),..., a_(0) 
for A_ and a+(0),..., a+(X+) = a+ for A+ such that: 

• Co e M-^(a+(0),a_(0)). 

• If fc > 0 then Cfc G Xl'^+(a;+(fc), a+{k — l))/ffi. 

• If A; < 0 then G {a-{k -\- 1), q;_(A;))/M. 

The currents are called the levels of C. We denote the set of broken holomorphic 
currents from to «_ by XI ■^(a+, a_). 

Suppose now that X± is nondegenerate and J± is generic so that the chain com¬ 
plex ECC(Y±, A±, J±) is defined. We say that a linear map 

0 : ECC{Y+, A+, J+) ^ ECC{Y_, A_, J_) (6.1) 

counts J-holomorphic currents if (0Q;+,a_) ^ 0 implies that the set Xl'^(a+,Q:_) is 
nonempty. 

6.3 Cobordism maps 

It was shown in m Thm. 1.9] that an exact symplectic cobordism (X, A) from 
(F+, A+) to (F_,A_), where A± are nondegenerate, induces canonical maps 

d)^(X, A) : ECH^{Y+, A+) ^ ECH^{Y_, A_) (6.2) 

satisfying various properties. One key property is the “Holomorphic Curves Axiom” 
asserting that if J is a cobordism-admissible almost complex structure on X which 
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restricts to generic A±-compatible almost complex structures J± on the ends, then 
is induced by a (noncanonical) chain map as in flb.ip which counts J-holomorphic 
currents. This property is important because in all of the applications so far, it is the 
existence of a holomorphic curve which allows one to draw geometric conclusions. 

We will need the following elaboration of this property. Below, if A is a contact 
form on Y with Reeb vector held R, if J is a A-compatible almost complex structure 
on M X y, and if / : M ^ M is a positive function, let denote the almost complex 
structure on M x R that agrees with J on the contact structure ^ and satishes 
J{ds) = f\s)~^R. Also, following [191 §5.1], dehne a strong homotopy of exact 
symplectic cobordisms from (Y'+, A+) to (y_,A_) to be a pair (X, {Ai}tg[op]) where 
X is a compact four-manifold with boundary dX = 1^+ — IT, and {Ai} is a smooth 
family of 1-forms on X that is independent of t near dX, such that for each t, the 
form dXt is symplectic and At|yj^ = A±. 

Proposition 6.2. Let (y+, A+) and (Y’_,A_) be closed three-manifolds with nonde¬ 
generate contact forms. Let (X, A) be an exact symplectic cobordism from (y+,A+) 
to (y_A_). Let J be a cobordism-admissible almost complex structure on X which 
restricts to generic \±-compatible almost complex structures J± on the ends. Then 
for each L > 0 there exists a nonempty set Q^{X, A, J) of chain maps 

(j ): ECC^{Y+, A+, J+) ECC^{Y_, A_, J_) (6.3) 

satisfying the following properties: 

(Holomorphic Curves) Each cf G 0^(X, A, J) counts J-holomorphic currents. 

(Homotopy Invariance) Let (X, be a strong homotopy of exact symplectic 

cobordisms from (y+,A+) to (y_,A_). Let be a family of almost 

complex structures on X such that for each t, we have that Jt is cobordism- 
admissible for A*, and Jt restricts to J±. Given 


0, G0^(X, \,Jf) 


for i = 0,1, there is a map 

K : ECC^{Y+, A+, J+) ^ ECC^{Y_, A_, J_) 
which counts .Jt-holomorphic current^ such that 

d.K + Kd+ = 00 - 01- 

^^That is, if (iira(l), a(0) J 0, then for some t the moduli space Xl'^*(a(l), a(0) is nonempty. 
Here d± denotes the differential on the chain complex ECC(V±, X±, J±)- We will use similar 
notation below without comment. 




(Composition) With the notation of Remark \6.1l let 

0±e0^(X±,A±,J±) 


and 

(f) e 0^(X_ o x+, A_ o A+, J_ o J+). 
Then there exists a chain homotopy 


K : ECC^iYi, Ai, Ji) ^ ECC^iY.i, A_i, J_i) 


such that 

d-iK + = (/)_ o 0_,_ — 0 

and K counts J_ J^-holomorphic currents. 

(Trivial Cobordisms) Let Aq be a nondegenerate contact form on Yq, and suppose 
that 

iX,X) = i[a,b]xYo,CXo). 

Let Jq be a generic XQ-compatible almost complex structure on M. x Yq. Let 

00 : ECC^ (Yo, e'Ao, Jo"') ^ ECC^ {Yo, e“Ao, Jo"“) 

denote the chain map fl4.4p . Let / : M —)• M &e a positive function such that 
f{s) = e“ when s < a and f{s) = e^ when s > b. Then 

e^([a,b]xYo,CXo,4) ={0o}. 

Proof. In [iHl Thm. 1.9], a cobordism map fl6.2p is constructed, which, given J as in 
the proposition, is induced by a noncanonical chain map 0 as in fl6.ip . Such a chain 
map 0 is dehned by counting solutions to the Seiberg-Witten equations on X, with 
a Riemannian metric determined by J. The Seiberg-Witten equations are perturbed 
using rcD, where r is a large positive constant and a) is a 2-form on X which, up 
to insignihcant factors, agrees with dX on X and with dX± on the ends; see m 
§4.2], It is shown in [191 §7] that the map 0 counts J-holomorphic currents if r is 
sufficiently large. The proof entails showing that given a sequence of solutions to the 
r-perturbed Seiberg-Witten equations with r —)■ oo, the zero set of one component 
of the spinor converges to a broken holomorphic current. 

The chain map 0 is not unique, because it depends on r, and even for hxed 
r, certain additional perturbations of the Seiberg-Witten equations are needed to 
obtain transversality of the relevant moduli spaces of solutions, see [T^ §4.2]. Two 
different perturbations may give rise to different chain maps. In this case one can 
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choose a homotopy between the two perturbations, and the two chain maps will then 
differ by a chain homotopy which counts solutions to the Seiberg-Witten equations 
for perturbations in the homotopy; see [19], Prop. 5.2(b)]. It is shown in the proof of 
the latter proposition in [191 §7-6], similarly to the proof that the chain maps count 
holomorphic currents, that if r is sufficiently large then this chain homotopy will 
count J-holomorphic currents. 

We now define <I>^(X, A, J) to be the set of chain maps produced by the con¬ 
struction in [19] for r > vq, where tq is chosen sufficiently large (depending on L, X, 
A, and J) so that any such chain map counts J-holomorphic currents, and any two 
such chain maps differ by a chain homotopy that counts J-holomorphic currents. 
This dehnition might depend on tq, but in any case we can now show that as long 
as tq is chosen with the above properties, then the sets <I)^(X, A, J) will satisfy the 
requirements of the proposition. 

It follows from the above discussion that $^(X, A, J) is nonempty and satisfies 
the Holomorphic Curves property. The proof of [191 Prop. 5.2(b)] as discussed above 
also implies the Homotopy Invariance property. 

The Composition property likewise follows from the proof of [IHl Prop. 5.4] in 
[m §7.6]. 

Finally, to prove the Trivial Cobordisms property, we need to show that if 

0 G 0 "' ([a, 6 ] xyo,eWo,Jc[) 

then (j) = (j)Q. That is, if a and [3 are orbit sets for Aq (which are equivalent to orbit 
sets for e“Ao and e^Ao) in which no hyperbolic orbits have multiplicity greater than 
one, we need to show that ( 0 a, /?) = 1 if and only if a = /3. 

To do so, first note that Jg“-, Jg"-, and Jg-holomorphic curves in R x Fg are 
equivalent to Jg-holomorphic curves in R x Yq, via diffeomorphisms that stretch the 
R coordinate. Now any Jg-holomorphic current in Rx Hg that is not a union of covers 
of trivial cylinders must strictly decrease symplectic action, cf. 1 14.31 Consequently, 
the only broken Jg-holomorphic current from a to itself has just one level which is 
R X a. It then follows from part (ii) of the “Holomorphic Curves” axiom in [191 
Thni. 1.9] that (0a, a) = 1. 

Suppose now that a 7 ^ 0; we need to show that (0a, 0) = 0. Suppose to get a 
contradiction that (0a, 0) = 1. By part (i) of the “Holomorphic curves” axiom in 
[191 Thin. 1.9], there exists a broken j7-holomorphic current 

C = {^N-, ■ ■ ■, ^N+) £ A4-^'^(a,0). 

Now the chain map 0, by the construction in [19], counts solutions to the Seiberg- 
Witten equations in index zero moduli spaces. By [H Thm. 5.1], the index of the 
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Seiberg-Witten moduli space corresponds to the ECH index, with the result that 

N+ 

E = 0. 

fc=Af_ 

where I{Ck) denotes the ECH index of C^, which is reviewed in [151 §3-4]. 

On the other hand, each current is equivalent to a Jo-holomorphic current in 
MxE. By [13 Prop. 3.7], since Jq is generic, each current has ECH index /(C^) > 
0 , with equality if and only if is a union of trivial cylinders with multiplicities 
(which by the way is not allowed when fc 7 ^ 0 by the dehnition of broken holomorphic 
current). Since a ^ f3, it follows that the total ECH index 

Enej >0. 

k 

This is the desired contradiction. □ 


7 Functoriality of the knot filtration 

We are now prepared to prove Theorem 15.31 which will hnish the proof of Theo¬ 
rem [T2l 

Proof of Theorem \5.3i Let Aq and Ai be two contact forms for ^ for which B is an 
elliptic Reeb orbit with rotation number 60 , and let J* be a generic Aj-compatible 
almost complex structure for i = 0,1. We need to show that there is a canonical 
map 

4>(Ao,Jo),(a,jp : Ai, J ,) Aq, Jq) (7.1) 

with the following properties: 

4>(a,j),(a,j) = id, (7.2) 

*h(Ao,Jo),(Ai,Ji) ° 4 ’(Ai,Ji),(A 2 ,J 2 ) 4’(Ao,Jo),(A 2 ,J 2 )• (7-3) 

To dehne the map fl7.ip . note that since Ker(Ao) = Ker(Ai), we have Ai = e^^Ao 
where gi Y —)■ M is a smooth function. By the scaling isomorphism 04.31) . which 
preserves the hltration Eb, we may assume that > 0 everywhere. Now let g : 
M X y —)■ R be a smooth function with the following properties: 

• g{s, y) = s for s E {—oo, e) for some £ > 0. 

• g{s,y) = gi{y) + s — 1 for s E (1 — e, oo) for some £ > 0. 

• d^g > 0 . 
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Observe that 


(i(e^Ao) = {dXo + {dsg)ds A Aq) . 

is symplectic. Thus ([0,1] x Y, e^Ao) is an exact symplectic cobordism from {Y, Ai) 
to (y, Aq), and its completion is identihed with R x F in the obvious way. 

Let J be a cobordism-admissible almost complex structure on R x F which 
agrees with Ji on [1, oo) x Y and with Jq on (—oo,0] x Y. Since [l,C)o) x B is 
a Ji-holomorphic submanifold, (—C) 0 , 0] x i? is a Jo-holomorphic submanifold, and 
[0,1] X i? is a symplectic submanifold of R x Y, we can choose J so that R x 
B is J-holomorphic. Moreover, the space of J satisfying the above conditions is 
contractible. 

Given L > 0, let 


0 : ECC^iX, Ai, Ji) ECXiYo, Ao, Jo) 

be a chain map in the set $^([0,1] x Y,e^Xo, J) provided by Proposition 16.21 We 
claim that 0 preserves the hltration Eb, that is if ( 0 a(l), a( 0 )) 7 ^ 0 then EbXi) > 
EB{cto)- To see this, we know from the Holomorphic Curves property in Proposi- 
tion 16.21 that if (0Q!(1), Q!(0)) 7 ^ 0 then there exists a broken holomorphic current 

C = • • •, Gn+) € Wl'^(a(l),a(0)). 

By Lemma [ 5.11 if fc 7 ^ 0 then Ck preserves the hltration Eb, i-e. Eb of the orbit set 
corresponding to the positive ends of Ck is greater than or equal to Eb of the orbit 
set corresponding to the negative ends. Since R x i? is J-holomorphic, the same 
intersection positivity argument shows that Co also preserves the hltration Eb, and 
therefore C preserves the hltration as well. 

Consequently, restricting to the subcomplex where Eb < R and passing to ho¬ 
mology, we obtain a map 


0* : ECHX^XY^, Ai, Ji) ^ ECHX^\yo, Aq, Jq). (7.4) 

Here the superscripts indicate that we are taking the homology of the subcomplex 
spanned by generators for which both A < L and Eb < R- 

By the Homotopy Invariance property in Proposition 16.21 and intersection posi¬ 
tivity as in in Lemma [5.11 again, the map (17.dh does not depend on the choice of g, 
J, or 0 e 0^([0,1] X F, e^Ao, J). We now dehne the map (17.11) to be the direct limit 
of the maps fl7.4p as L ^ 00 . 

The desired property fl7.2p now follows from the Trivial Cobordisms property 
in Proposition 16.21 And the desired property fl7.3l) follows from the Composition 
property in Proposition 16.21 together with the same intersection positivity argument 
as before. □ 
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Remark 7.1. If R+ and B_ are transverse knots in define a symplectic 

cobordism from R+ to B_ to be a compact symplectic snbmanifold S G [—R, R]xY 
for some R > 0 snch that 

S n {{R - e, R] X Y) = {R - e, R] x R+, 

S n ([-R, -R + e) X y) = [-R, -R + e) X B_ 

for some £ > 0. The proof of Theorem 15.31 shows more generally that if HiiY) = 0, 
then ECH^^^{Y,^,-,eo) is a fnnctor on the category whose objects are transverse 
knots in (Y, and whose morphisms are symplectic cobordisms modnlo isotopy. 
We do not know mnch abont this fnnctor in general, bnt it could be an interesting 
topic for future research. 

Remark 7.2. One can also dehne an analogous functor for any other kind of contact 
homology in three dimensions whose differential counts holomorphic currents and 
which admits cobordism maps satisfying an analogue of Proposition 16.21 
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